
AJR:168, January 1997 13

Review Article

Testing for Equivalence of Diagnostic Tests
Nancy A. Obuchowski1

T he technology of diagnostic radi-

ology is changing rapidly. Asso-

ciated with these changes is a

need to compare technologies with one

another in an appropriate and valid fashion.

To make meaningful comparisons, appropri-

ate questions must be asked and tested. How-

ever, in comparing diagnostic technologies,

we ot’ten ask and test the wrong question. In

this article, an example is described in which

the objective of the study is to show equiva-

lence between technologies. Equivalence

studies are common in diagnostic radiology;

yet equivalence is often poorly defined. and

the statistical methods for testing equiva-

lence are rarely applied. The appropriate sta-

tistical methods for testing equivalence are

presented here along with a methodologic

approach for defining equivalence. Equiva-

lence is defined here in terms of patient out-

comes (e.g.. end points such as the quality

and quantity of life), rather than intermediate

end points, such as image contrast and reso-

lution or sensitivity and specificity [11.

Background

Determining the Appropriate Question

New technology is often more conserva-

tive (i.e.. less radiation, less invasive, more

convenient) than existing technology. When

comparing technologies, determination of

whether the more conservative technology is

clinically comparable to the existing one is

often of interest. For example, suppose one

wants to know if fast spin-echo T2-weighted

MR imaging can replace conventional T2-

weighted imaging of the spine. The fast T2

sequence is not expected to be diagnostically

superior; rather, one wants to know if the

new sequence is accurate enough to replace

the old. Similarly, when comparing elec-

tronic imaging with conventional plain film,

determination of whether the electronic ver-

sion leads to similar patient outcomes as

plain film is important. These examples illus-

trate the comparison of the same test but with

different acquisitions and recordings, respec-

tively. A third example is the comparison of

two tests. Suppose one wants to determine if

three-dimensional time-of-flight MR angiog-

raphy (MRA) can replace catheter angiogra-

phy (CA) as a presurgical tool for carotid

endarterectomy. MRA may not be as sensi-

tive or specific as CA. However, the lesser

accuracy of MRA must be weighted against

the morbidity and mortality associated with

CA in determining if MRA is a suitable

replacement.

In situations similar to these three exam-

ples, the question is not whether the new

technology is diagnostically superior to the

old. Instead, the question is whether the new

technology isclinicallyequivalent to the old.

Irrespective of the appropriate study ques-

tion, in diagnostic radiology the former ques-

tion is almost always tested. Specifically,

data are collected on two competing technol-

ogies. and then a statistical test is performed

to detect differences. If the difference

between them is not statistically significant

(i.e., conventionally. the p value > .05), then

it is often incorrectly concluded that the two

technologies are diagnostically equivalent.

However, a nonsignificant difference does

not imply equivalence. Two interrelated rea-

sons why a nonsignificant difference does

not imply equivalence are the statistical error

rate (particularly the type II error rate.

defined next) is not negligible. and equiva-

lence has not been defined.

Why Nonsignificance Does Not Imply Equivalence

When testing for differences, a type II error

is the probability of obtaining a nonsignificant

p value (i.e., p value > .05) when a difference

really exists. (A related concept is statistical

power, defined as 1.0 - type II error rate.) Stud-

ies with large samples are less likely to suffer a

type II error than studies with smaller samples.

For any given study, however, the probability

ofa type II error is rarely negligible (i.e., rarely

�5%). In fact, it is often 20% or greater. mean-

ing that when a statistical test has an associated

p value of greater than .05, it is not appropriate

to conclude that the technologies are equivalent

due to the recognized possibilityof a type II

error. Instead, one must conclude something

like there is insufficient evidence to show a dif-
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#{149}Ii�;1��Testlng for Differences Versus Testing for Equivalence

Concept Test for Differencesa Test for Equivalence

Hypotheses

Statistical test

Reject H0 if

Type I error

Type II error

H0: (B1 - �2) = 0

HA: (Oi - 02) � 0

z = Idl/SE(d)

z > CR�2

False claim that two tests differ, when, in

truth, they are equivalent

False claim that two tests are equivalent,
when, in truth, they differ

H0: � - �2) � or � - B2) �..�

HA: AL < (Oi - �2) <

z1 ={d- z\1}/SE(d) and Z2={LSU- d}/SE(d)

z1 > CR0 and z2 > CR0

False claim that two tests are equivalent,
when, in truth, they differ

False claim that two tests differ, when, in
truth, they are equivalent

Note-H0 = null hypothesis: HA = alternative hypothesis; 0, = diagnostic accuracy of test I in the population of patients; �i

and �u = lower and upper values of the equivalence interval, respectively; d = estimated difference in diagnostic accuracy

between the two tests; SE(d) = standard error of d; CR, = critical value for the upper a% of the standard distribution
aThe test for differences should be followed by construction of the confidence interval for the difference.
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ference smaller than a specific amount. What

specific amount is small enough to conclude

equivalence? The answer to this question

depends on the clinically relevant difference.

A clinically relevant difference is the differ-

ence between two technologies that has clinical

implications. Let (‘AL’ �u) denote an interval,

such that the two technologies are considered to

be equivalent (i.e., the difference is clinically

ignorable) ifthe difference in their accuracies is

between �L and � (L = lower bound of the

interval; U = upper bound of the interval). Dif-

ferences less than or equal to �L and differ-

ences greater than or equal to �u � clinically

important. For example, suppose an investiga-

tor wants to determine ifdigitized film is equiv-

alent to conventional plain film for detecting

breast cancer on screening mammograms. For

illustration, let the sensitivity of the recordings

serve as the measure of diagnostic accuracy,

and suppose that we have defined these two

recordings to be clinically equivalent if their

sensitivities are within 10% of each other’s

(i.e., i�L -10% and L�U +10%). (Later, we

present a method for defining �L and �u#{149})The

idea is depicted in Figure 1, where the two

recordings are clinically equivalent if the sensi-

tivity ofplain film minus the sensitivity of digi-

tized film is between -10% and +10%; the

difference in sensitivities is clinically relevant if

the difference is less than or equal to -10% or

greater than or equal to 10%.

Note that it is not necessary for the interval

to be symmetric around zero. In fact, the inter-

val might not even contain zero. This situation

might occur when both short- and long-term

outcomes of the tests are considered in defining

�L and �u. For example, one might compare
CA, which is accurate but invasive, to MRA,

which might be less accurate but noninvasive.

lIthe risk ofmorbidity and mortality associated

with CA outweighs the consequences of some-

what less accurate diagnoses by MRA, then

the accuracy of MRA can be considerably

less than the accuracy of CA for the two tests

to be clinically equivalent. In this scenario, if

the diagnostic accuracy of MRA and CA

were identical, then MRA might be preferred

over CA (i.e., the two tests would not be din-

ically equivalent).

In this paper, I first illustrate the statistical

methods for testing for equivalence. A statistic

specifically fortesting equivalence is presented,

then I illustrate how a confidence interval for

the difference can also be applied to address the

question of equivalence. Finally, I describe a

method, based on decision analysis, for defin-

ingi��and��.

Methods

A fictitious example from diagnostic radiol-

ogy is used to illustrate the methods of testing

for equivalence and defining equivalence. In

the example, an investigator wants to determine

if digitized film is clinically equivalent to con-

ventional plain film for detecting breast cancer

on screening mammography. A study is con-

ducted whereby a radiologist interprets the

images of 200 patients displayed on plain and

digitized film. Biopsy results or diagnoses of

cancer from long-term follow-up serve as the

gold standard. Receiver operating characteristic

curves are constructed for plain film and digi-

tized film. From the receiver operating charac-

teristic curve, various measures of diagnostic

accuracy could be considered, including the

area under the full curve [2], the area under a

particular portion of the curve [3]. and the sen-

sitivity (or specificity) at various fixed specific-

ities (or fixed sensitivities). For illustration

purposes. we use sensitivity at a constant speci-

ficity of 90%; however. other measures of

accuracy can also be used. We denote the sensi-

tivity of plain film as 9PF and the sensitivity of

digitized film as 9DF�

Results

Testing for Diagnostic Equwalence

The statistical methods for testing equiva-

lence are not new. They are used frequently in

pharmacology to test equivalence of bioavail-

ability of drug formulations [4, 5]. In the para-

graphs that follow, I will describe the two one-

sided hypothesis tests procedure proposed by

Schuirmann [5].

In the mammography example, suppose that

the estimated sensitivities are 90% for plain film

and 85% for digitized film at a constant speci-

ficity of9O%. We denote the estimated sensitiv-

ities ofplain film and digitized film by 0PF and

0DF ‘ respectively. The estimated difference
between the sensitivities, denoted by d = 8PF

0DF ‘ is 5%. (Ideally, one should transform the
estimated sensitivities to normal deviate space

and perform these calculations on the trans-

formed data [61. However, here I am trying sim-

ply to clarify the necessary calculations.)

The first step to testing for equivalence is

defining �L and �. The definition should be

specified before the study begins or at least

before exploring the data. In the next section. I

present a formal method for determining �L

and z\�j. For now. however, let us assume arbi-

trai-ily that the two recordings have been

defined to be equivalent if their sensitivities

are within ± l0’7c of each other. In other

words, if the difference in sensitivities is

greater than -10% and less than +l0�/c, then

the two tests are considered to be clinically

equivalent. Thus, �L -10% and L�5� = + 10%.

Next. refer to Table I . where the statistical

test for equivalence is summarized alongside

the statistical test for differences. For the test

for equivalence. the null hypothesis is that the

difference in diagnostic accuracy between plain

film and digitized film is either less than or

equal to �L or greater than or equal to � The

alternative hypothesis is that the tests are equiv-

alent. This set of hypotheses is reversed for the

test of differences. In particular. for the test of

differences, the null hypothesis is that of equiv-

alence and the alternative hypothesis is that of a

difference.

Similarly. the type I and II errors of a test for

equivalence are analogous to the type II and I

errors. respectively. of a test for differences.

This distinction is iniportant. In particular. in

studies in which the objective is to assess the

equivalency of two technologies. a false claim

of equivalence can have enormous conse-
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quences: a standard test might be replaced with

an inferior one that puts the public at risk.

Thus, this type of error must be kept to a mini-

mum (usually �5%). In designing a study to

test equivalence, the type I error rate of the test

for equivalence should be set to less than or

equal to 5%; if using the test for differences,

the type II error rate should be set to less than

orequal to 5%.

Using the test for equivalence from the sec-

ond column of Table I , we have two test statis-

tics: z1 = {d- �L}��E(d) and z2 = {Au �d}/

SE(d), where SE(d) is the estimated standard

error of d, given by

SE(d) = \jVar( 0pF)� Var(ODF)- 2 x Cov(OpF, 0DF)

where Var ( OPF) is the variance of the estimated

sensitivity of plain film and Cov(OpF ODF) is

the covariance between the estimated sensitivi-

ties of the two recordings. Note that the covari-

ance between the estimated sensitivities is

important here because in this fictitious study

the same images were displayed on both plain

and digitized film; thus, the estimates of sensi-

tivity are likely to vary together (i.e., covary).

Methods for estimating the variance and covari-

ance are given by Wieand et al. [71; these meth-

ods reflect the uncertainty in estimating the

specificity (as well as the uncertainty in estimat-

ing the sensitivity). Let us suppose that the

SE(d) was estimated to be 0.036. Then, z1 =

{0.05 + 0.lO}/0.036 = 4.17 and z2 = fOb -

0.051/ 0.036 = 1.39.

Compare z1 and z2 to the appropriate stan-

dard distribution (often, the standard normal

distribution). If z1 and z2 are both greater than

the critical value, CR, for the upper a% of the

standard distribution, then reject the null

hypothesis and conclude that the two record-

ings are equivalent. a is the significance level

of the test. We set cx equal to the maximum type

I error rate that we are willing to allow. Usually

ox is set to 0.05, corresponding to a 5% risk of

incorrectly concluding that the two recordings

are equivalent when, in truth, they differ. For a

significance levelof .05,the criticalvalue from

the standard normal distribution is CR005 =

1.645. We compare each one-sided test to

1.645. Although z1 is greater than 1.645, z2 is

not greater than 1.645. Thus, we do not con-

clude that plain and digitized film have equiva-

lent diagnostic accuracies.

Note that the observed difference in sensi-

tivities of plain and digitized film (i.e., +5%)

lies between L\L and Au. However, the data

are insufficient for ruling out the possibility

that the real difference (i.e., the difference for

the population of patients, not just for this

sample of patients) is greater than or equal to

+10% (i.e., that plain film is more sensitive

than digitized film).

Now, let us consider the test for differ-

ences summarized in the first column of

Table I . The test statistic for differences is z

= ldl/SE(d) = 0.05/0.036 = 1.39. For a sig-

nificance level of .05, the critical value from

the standard normal distribution is CR�2 =

1 .96. Because 1 .39 is not greater than 1.96,

we do not conclude that there is a difference

in sensitivities between the two recordings.

Although we cannot conclude that the sen-

sitivities differ, we cannot automatically con-

dude that they are equivalent. To make a

statement about the possible equivalence

between the two recordings, based on this

method, we need to examine the confidence

interval (CI) of the difference in sensitivities.

A (1 - cx)% CI is the interval in which we are

(1 - cx)% confident that the unknown value

of the difference lies. The (1 - a)% CI is

given by d± CRw2 X SE(d). The 95% CI for

the difference in sensitivities is (-0.02, 0.12).

This CI contains values that are not in the

equivalence interval (AL, Au). Specifically,

values greater than or equal to +0. 10 are not

in the equivalence interval. Since we cannot

rule these values out, we do not conclude that

the two recordings are equivalent.

Note that even when a significant differ-

ence is found between two technologies, a CI

for the difference should still be constructed

because it is possible that in a very accurate

study, one might detect a statistically signifi-

cant difference when, in truth, the tests are

equivalent as defined by the interval (AL,

Au). Thus, regardless of the result of the test

for differences, it is critical to examine the CI

for the difference to determine if it is entirely

contained in the interval (AL, Au).

In summary, both methods (i.e., the test

for equivalence and the CI approach) can be

used to address the question of equivalence.

In fact, Munk [8] presents a proof that the

test for equivalence at a significance level of

a (i.e., each one-sided test is performed at a)

is analogous to a (1 - 2a)% CI procedure.

For either approach, the interval (AL, Au)

must be defined before examining the data to

avoid biases.

Defining the Interval (A. z�0)

We propose a strategy for defining the

interval(AL. Au) that uses decision analysis to

estimate the short- and long-term patient out-

comes associated with diagnostic testing. This

strategy is to define a range of patient out-

comes in which the differences are clinically

ignorable. Then, convert this range of patient

outcomes into a range of diagnostic accura-

dies, thus defining the interval (AL, Au).

In defining the interval (AL, Au) for the

mammography example, we use patient sur-

vival at 10 years as the measure of patient

outcome. This patient outcome measure was

chosen because it is the primary measure of

efficacy in many studies of the management

of breast carcinomas; to my knowledge,

other measures of patient outcome, such as

health-related quality of life, have not been

studied [9]. Later, I will discuss why this

measure is a crude measure of patient out-

come and describe alternative approaches.

The first step in this strategy is to delineate

all possible downstream events associated with

diagnostic testing. To do this, construction of a

decision tree is helpful (Fig. 2). Starting at the

far left on such a tree, the first entry indicates

screening by mammography. The split that fol-

lows indicates the result is either positive or

negative for malignancy. If the test result is

negative, the patient is not treated. The nega-

tive result is either a true negative or a false

negative, depending on the accuracy ofthe test

and the prevalence ofdisease. Ifthe test is pos-

itive, the lesion is biopsied. We assume here

that biopsy is perfectly accurate at distinguish-

ing benign from malignant lesions. A positive

biopsy is followed by surgery.

The second step is to compute the differ-

ence in average patient outcome for patients

studied with plain film versus patients stud-

ied with digitized film. We first describe this

difference in terms of symbols because many

of the parameters will cancel out and, thus,

we will not need to estimate them. We

denote the prevalence of a malignant lesion

by P. and the sensitivity and specificity of a

test by Se and Sp, respectively. The expected

10-year survival rates are denoted as follows:

a true negative is UND� (Nt� = no disease,

NT = no follow-up or treatment), a false neg-

ative is UD�., a true positive is UDT, and a

false positive is UND,T.

Using these symbols, the probability of the

four possible outcomes is a true negative =

(1.0 - P) x Sp, a false negative = (P) x (1.0-

Se), a true positive = (P) x (Se), and a false

positive = (1 .0 - P) x (1 .0 - Sp). The expected

survival rate is the sum of the survival rates of

these four outcomes, weighted by the proba-

bility of the outcome: survival = (1.0 - P) x

(Sp) x � #{247}(P) x (1 - Se) x UD,NT + (P)

x (Se) x UD,T + (1 - P) x (1 - Sp) x UN1�T.
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DF>PF
PF DF

L�__�J

PF>DF

[���1
�L�’1#{176} A�=.1O

Fig. 1.-Comparison of digitized film (OF) and plain film (PF). Shaded area shows interval in which PF and OF are
clinically equivalent; beyond this region, two recording techniques are not clinically equivalent OF > PF means
that DF provides clinically defined better patient outcomes than PF; PF > OF means that PF provides clinically de-
fined better patient outcomes than OF. The lower and upper values of accuracy defining interval where tech-
niques are clinically equivalent are given by �i and �u. respectively.

Disease Present surgery

Fig. 2.-Decision tree for screening mammography shows downstream events associated with diagnostic test-
ing. Starting at far left, first entry indicates screening by mammography. Split that follows indicates result is ei-
ther positive or negative for malignancy. If test result is negative, patient is not treated. Negative result is either
true negative or false negative. If test is positive, lesion is biopsied, and positive biopsy is followed by surgery.
Expected outcome for true negative is denoted U(ND.NT) (ND = no disease, NT = no follow-up or treatment), for
false negative is U(D.NT), for true positive is U(D.T), and for false positive is U(ND.T).

and
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Because the expected 10-year survival rate for

nondiseased patients is the same whether they

are untreated or undergo biopsy. we set

UND� = UNDT UND.

We are interested in the difference in

expected survival between plain and digitized

film. With some algebra it can be shown that

this difference is given by equation I.

Survivai�� .- SurvivalDE =

(P) X(tJi)T _U1)�.) x(Sep�- �DF�

Thus. we do not need to estimate UND or

the specificity of the two recordings.

The 10-year survival rate from breast can-

cer after surgery (i.e.. UDI) is estimated at

70% 1 101. The 10-year survival rate from a

malignant lesion undetected by screening

(i.e., UDNT) is approximately 47% III].

Note that this estimate may be too low

because some lesions may remain clinically

occult for several years and may be detected

at a later screening. For illustration purposes.

we use the 47% estimate; however, one

might consider a range of possible values and

assess the impact on the interval (AL. Au).

Finally, the estimated annual incidence rate

of breast cancer in 55-year-old women is

0.0023 [11]. For women screened regularly.

we assume that the prevalence rate of breast

cancer, P. is roughly 0.0023. although it may

be slightly higher. Plugging these estimates

into equation I. we obtain

SurvivalpF _SurvivalOF 0.053 x (SCrn: - SCDF).

The third step in our strategy is determining

the minimally clinically relevant difference in

terms of the patient outcome measure we have

chosen. For the mammography example, we

must define the minimally clinically relevant

difference in terms of 10-year survival rates.

( ) This is a critical step in the process and requires

careful thought because this step has a large

impact on the resulting values of AL and Au.

For illustration purposes, we define the mini-

mally clinically relevant difference as a differ-

ence in 10-year survival of 0.00 1% (i.e.. one

additional death per 100,000 patients). Differ-

ences less 0.001% will be considered clinically

equivalent.

The last step in our strategy is to convert

the interval of equivalent patient outcomes.

that is, (-0.001%. 0.001%), to a range of diag-

nostic accuracies. From equation I, we set

SurvivalpF - SUrViV5IDF =

0.053 x (Sepf - SeDF) =

SurvivalpF - SUrVIVaIDF =

0.053 x(SepF-SeDF)= �

Solving for (SepF - SeDF), we get -0.019

and +0.0 19, respectively. Thus. AL = -0.019

and Au +0.019. In words. plain film and

digitized film have equivalent clinical out-

comes. defined as a difference of less than

one additional death in 100,000 patients over

a 10-year period. if the difference in their

sensitivities is in the interval (-0.019. 0.019).

Recall that in the initial part of this exam-

pie. we used AL -0. 10 and Au +0. 10 and

set the specificities of both recordings to

90%. However. on the basis of our new defi-

nition ofequivalence. the interval is given by

AL -0.019 and Au +0.019, and the speci-

ficities of the two recordings do not need to

be equivalent.

In other examples. the specificities of the two

competing technologies will not cancel out as

they did in equation I . When both sensitivity and

specificity are functions of the difference in

patient outcomes between the competing tech-

niques. we prefer to equate the specificities of the

two tests, so that the interval (AL. Au) is defined

in terms of the difference in the two tests’ sensi-

tivities. We then can trace out a receiver operat-

ing characteristic region where the height of the

reigon corresponds to the required sensitivity of

the challenging test. Phelps and Mushlin [12]

refer to this region as the challenge region.

In other applications, the decision tree and its

analysis may be more complicated than in this

example. For example, in comparing MRA to

CA. one should consider the complications asso-

ciated with CA as well as the downstream

effects of testing. Regardless of the form of the

decision tree. our strategy is the same: delineate

the possible outcomes associated with diagnos-

tic testing. compute the difference in expected

patient outcome between the two competing

technologies in terms of the differences in their

accuracies. define the minimally clinically rele-

vant difference, and convert the range of clinical

equivalence to a range of diagnostic accuracies.

Defining patient outcome in terms of sur-

vival rates is rather crude for several reasons.

First, this approach ignores patient morbid-

ity. Morbidity is associated with biopsy and

surgery and may also be associated with a

false-negative result (i .e.. false reassurance

and later regret [ I 31). If we ignore these out-

comes, then we undervalue the impact of the

test [13]. However. we can expand the deci-

sion tree in Figure 2 to incorporate health

states other than being alive or dead. Then.

we must quantify the quality of life in the

different health states. Methods exist for

doing this [14]. (Note that in the mammogra-

phy example. if we had accounted for the

morbidity associated with biopsy. then the
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specificities of plain film and digitized film

would not have canceled out of equation 1.)

Second. our approach ignores the timing of

events. Patients with mammographically

detected lesions who undergo surgery may

have earlier staged lesions and thus may live

longer than patients whose disease was unde-

tected by screening. Thus, the timing of

events is important. To incorporate the tim-

ing of events into a measure of patient out-

come, we must estimate the length of time a

patient spends in each health state. Then. we

can define patient outcome in terms of units

called quality-adjusted life-years [ 14]. which

is a measure of both the quality and the quan-

tity of life.

Discussion

The objective ofthis paper was to emphasize

the role of equivalence studies in diagnostic

radiology. I have tried to achieve this by point-

ing out the unique aspects of an equivalence

study and by presenting the appropriate meth-

ods for testing for equivalence.

The methods presented here have dealt strictly

with testing whether two technologies are equiva-

lent. However, situations may occur where two

technologies are not equivalent, but one technol-

ogy is a suitable replacement for the other. For

example. a new technology could be more accu-

rate and have fewer risks than an existing tech-

nology. In this situation. the two technologies are

not equivalent (because the new one is better than

the existing one), but the new technology is a

suitable replacement for the existing technology.

If the objective of a study is to test the ability of

the new technology to replace the existing tech-

nology, then a one-sided hypothesis is appropri-

ate, rather than the two-sided equivalence

hypothesis. Thus, the relevant null hypothesis is

that the new technology is not as accurate as the

existing technology. The alternative hypothesis is

simply thatthe new technology is atleast as accu-

rate as the existing technology.

Probably the most important part of an

equivalence study (and a replacement study)

is the definition of equivalence. This is a corn-

plicated issue because the results of diagnos-

tic imaging have both short- and long-term

effects that should be accounted for in the

definition of equivalence. Our strategy for

defining equivalence relies on the concepts

and methods of decision analysis, which uses

current literature for estimates of the risks and

benefits of existing therapies. However, these

estimates are subject to modification when-

ever new studies are completed. Furthermore,

current therapies may be replaced by improved

therapies. Thus, equivalence defined by our

method is conditional on what is currently

known about patient outcomes and needs to be

revised as we increase our knowledge about

the natural history of disease and the efficacy

of treatments.
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